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Abstract. We consider the Cauchy problem for the one-dimensional periodic cubic non- 
linear Schrodinger equation (NLS) with initial data below L 2 . In particular, we exhibit 
CNj ' nonlinear smoothing when the initial data are randomized. Then, we prove local well- 

posedness of NLS almost surely for the initial data in the support of the canonical Gaussian 



(N 



measures on H a (T) for each s > — |, and global well-posedness for each s > — ^ 
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1. Introduction 

We consider the Cauchy problem for the one-dimensional periodic cubic nonlinear 
Schrodinger equation (NLS): 

Uu t - u xx ± u\u\ 2 = 
{ ' ' \u\t=o =u , xeT = R/2irZ. 

We first establish almost sure local well-posedness foiQ (jl.ip with respect to the canonical 
Gaussian measure supported on H S (T) in the range — | < s < 0. Then, we establish 
almost sure global well-posedness in H S (T) for — A < s < 0. These results are motivated 
by (a) the well-posedness theory of nonlinear dispersive equations with low regularity initial 
conditions and (b) construction of measures on phase spaces which are invariant under the 
(jl.ip evolution. 

1.1. Low Regularity Well-Posedness Theory. The well-posedness theory for the 
Cauchy problem (jl.ip for rough data has been the subject of recent studies. In particular, 
detailed studies of (jl.ip have revealed diverse phenomena of the associated data-to-solution 
map leading to ramified notions of ill-posedness and well-posedness. It is known that: 

• The data-to-solution map H s 3 uq i — > u(t) G H s (for some t ^ 0) is well-defined 
and analytic provided s > |32| [2]. 

• Uniform continuity of the data-to-solution map from H s to H s fails for s < 
|18j [U Q3]. Moreover, when s < 0, the data-to-solution map is discontinuous from 
H S (T) even to the space of distributions (C°°(T))* [151 123]. 

• The data-to-solution map is unbounded from H S (R) to H S (R) provided s < — \. For 
example, the norm inflation phenomena identified in [T5] shows there exist initial 
data arbitrarily small in H S (M) which evolve into solutions which are arbitrarily 
large in H S (M) in an arbitrarily short time. 

• The data-to-solution map is boundecQ from H S (R) to H S (R) provided -± < s < 
[20| . Moreover, there exist weak solutions associated to every uo € H S (M) in this 
range. These weak solutions are not known to be unique. 

It is unknown whether well-posedness with merely continuous dependence upon the initial 
data for (jl.ip holds true in H s for s > — ^. In contrast to these negative results, this paper 
establishes positive results on subsets of H S (T) for certain s < which are full with respect 
to natural Gaussian measures. 

1.2. Invariant Gibbs Measures. Inspired by [22J and following an approach from |36j, 
Bourgain [3J constructed the Gibbs measure foci (jl-ip and established its invariance under 
the (jl.ip flow. Sufficiently regular solutions of (jl.lj) satisfy mass conservation 

(1.2) 

and Hamiltonian conservation 
(1.3) H[u(t)] 



^We actually consider the Wick ordered version (|1.10jl instead of (|l.ljl below. 

2 M. Christ (with J. Holmer and D. Tataru) announced similar results on T in April 2009 at IHP in Paris. 
^In fact, the construction and invariance of the Gibbs measure is proved for a family of (sub-)quintic 
NLS equations containing (II. 1|) in [3]. 



u WIIl 2 (t) = ||«o||L3(T)> 



f l\u x (t)\ 2 ±]\u(t)\ 4 dx = H[u }. 
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By the Hamiltonian structure of the equation, the Gibbs measure 

(1.4) "dp = e~ H[u] Yl du{xf 

is formally invariant. The Gibbs measure is rewritten as a weighted Wiener measure 

(1.5) dp = Z^e^y^dp 
where 

(1.6) dp = ZQ 1 e-y\ u ^ dx Y[du{x) 

is the Wiener measure on T. 

The construction of the Gibbs measure proceeds by showing that the density e^* ■> dx 
is in 1 1 (dp). Expressed in terms of Fourier coefficients, the Wiener measure describes a 
Gaussian distribution for each |n|n(n). Thus, a typical element in the support of the Wiener 
measure may be representee!! 

(1.7) u = u» = y g 44 L ^ nx 

where the {g n }nez are independent standard complex valued Gaussian random variables 
on some probability space (Tl, J 7 , P). Almost surely in uj, the series fll -7f) defines a function 
u u G Hz~(T). Thus, f \u\^dx is well-defined and the density e^*-^'"' dx may be showr@ to 
be in L 1 (oj). 

The invariance of the Gibbs measure is established by studying a sequence of finite 
dimensional approximations obtained by Dirichlet-projecting the dynamics of (jl.ip onto 
finitely many modes using the fact that the (jl.ip evolution is well-defined on the support 
of the Wiener measure. Recall that the evolution for (jl.ip is well-defined for all uq G L 2 (T) 
so it is certainly well-defined on the support of the Gibbs measure living in H2~(T). 

The questions of existence and invariance of the Gibbs measure associated to (jl.ip (in 
fact, associated to the Wick ordered version (jl.lOp ) posed on the two-dimensional torus 
T 2 were investigated in [5]. In the two-dimensional case, the representation (jl.7p almost 
surely in u defines a distribution in H°~(T 2 ) but not in L 2 (T 2 ). More precisely, u defined 
in p.7p is almost surely in B^^iT 2 ) \ L 2 (T 2 ). Since the data-to-solution map is not well- 
defined on even L 2 (T 2 ), the issue of well-defined dynamics on the support of the Gibbs 
measure is not at all obvious. Nonetheless, Bourgain [5] established a well-defined local-in- 
time dynamics on the support of the Wiener measure. In the defocusing case, he proved 
global well-posedness almost surely on the support, exploiting the invariance of the (finite 
dimensional) Gibbs measure. 

1.3. Almost Sure Local Well-Posedness. Consider the canonical Gaussian measure on 
H a {T): 

dp a = Z- l e-l5\ Dau \ 2dx X\du{x) 



4 There is an issue regarding the zero Fourier mode which the reader is invited to ignore. The Wiener 
measure will soon be adjusted using the conserved L 2 norm into another formally invariant Gaussian measure 
which avoids the n = issue. 

^In the defocusing case, this step is clear. The focusing case requires a more delicate analysis exploiting 
an (invariant) L 2 (T) size cutoff (See [22] and [3])- 
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where D = sj — d 2 . The Gaussian measure dp a corresponds to a collection of Gaussian 
distributions of {\n\ a u(n)} ne z, so a typical element in the support may be represented^ as 
a random Fourier series 

(1.8) u=U "=j2 9n( - U3) " inx 



\n ■ 



1 



This series almost surely in oj defines a function in H a ~2~(T) but not in H a ~^{T). Note 
that Uq in (|1 .8j) can also be expressed as Uq = J^dnSn where e n is another orthonormal basis 
in H a (T) and {g n } is another family of independent standard complex- valued Gaussian 
random variables. In this respect, the Gaussian measure p a is canonical. See [21] for 
discussions on the Gaussian measures on Banach spaces. Also, see |37j . 

Since ||tt(t) ||x, 3 = II^oIIl 2 under the flow of (jl.ip . we formally expect the Gaussian measure 
on L 2 (T) 

(1.9) dp = Z^e-y M 2dx Y[ du(x) 

to be invariant in view of the Hamiltonian structure of (jl.ip . This measure po is the white 
noise on the distributions on T and is supported on H~i~(T) \ H~2 (T), i.e. in the scaling 
critical/supercritical regime for (jl.ip . It was shown in [28J that the white noise po is a 
weak limit of the invariant measures under the flow of (jl.ip . However, this result does 
not establish the invariance of the white noise po since the flow is not well-defined on its 
support. (See Remark 11.31 ) Invariance of white noise has recently been established for the 
KdV equation on T [301 EH [28]. See [27] for a summary of these results. 

If we define v(t) = e iyt u(t), with 7 G M, where u solves (jl.ip . then v satisfies idtv — v xx ± 
\v\ 2 v + = 0. Recall that j \u\ 2 dx := ^- J \u\ 2 dx is conserved under the flow of (jl.ip for 
no G L 2 (T). Hence, by letting 7 = =f2 j \u\ 2 dx, (jl.ip is equivalent to 

[iu t - u xx ± (u\u\ 2 -2uf \u\ 2 dx) = 
\u\ t =o = u , 

at least for uq G L 2 (T). However, for uq ^ L 2 (T), we can't freely convert solutions of (jl.lOp 
into solutions of (jl.ip . Bourgain [5] refers to (jl.lOp as the Wick ordered cubic NLS since it 
may also be obtained from the Wick ordered Hamiltonian. 

In the following, we choose to study (jl.lOp instead of (jl.ip for uq ^ L 2 (T). (See Remark 
11.61 ) In particular, we consider uq of the form (slightly adjusted compared with (jl.8p ) 

rim „ — — 9n\U) Jnx 

neZ V 1 + \ n \ 

which can be regarded as a a typical element in the support of the Gaussian measure 
(1.12) dp a = Z' 1 exp - i J \u\ 2 dx - - j \D a u\ 2 dx^j JJ du(x). 

By shifting the Laplacian as in [31 [5], i.e. replacing — u xx by — u xx + u in (jl.ip or (jl.lOp . we 
can also regard uq of the form (jl.lip as the functions in the support of the Gaussian measure 
p a . (Strictly speaking, one needs to replace the denominator in (jl.lip by (1 + | rz| 2 ) "2 in 
this case.) Note that Uq in (jl.lip is in f] s<a _i H s \ H a ~2 . In view of Bourgain's global 



^The issue with the zero mode should be ignored; see (|1.12[) below. 
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well-posedness (GWP) result in L 2 (T) in [2], we assume that a < \ in the following so that 
Kg lies strictly in the negative Sobolev spaces, almost surely in u. 

In establishing local well-posedness, we follow the argument by Bourgain [5j. First, write 
(jl.lOP as an integral equation as in (|1.13p . 

(1.13) u(t) = Tu(t) := S{t)u ± * / S(t - t')N{u)(t')dt' 

Jo 

where S(t) = e~ t9 ^ t , uq is as in (jl.lip . and 

J\f(u) := u\u\ 2 - 2uj-\u\ 2 . 

Note that S(t)uo has the same regularity as uq for each fixed t G R. i.e. S(t)u,Q G 
ff a_ 2 _ (T) \i? a_ 2(T) a.s. Hence, S(t)iiQ is strictly in the negative Sobolev space for a < \ 
a.s. 

However, it turns out that the nonlinear part f S(t — t')N{u)(t!)dt' lies almost surely 
in a smoother space L 2 (T) even for a < i. (Also, see [5], [TO].) We indeed show that for 

each small 6 > there exists with complemental measure < e~^ such that T defined 
in (|1.13p is a contraction on S(t)uQ + B for w £ flj on the time interval [0,6], where B 
denotes the ball of radius 1 in the Bourgain space Z s, ^ ,& for some s > 0. (See (|2.ip for the 
definition of Z S ^' S .) 

The following theorem states almost sure local well-posedness for each a G (|, 

Theorem 1. Let a G (max(| + h,s), ^] with s G [0, Then, the periodic (Wick ordered) 

cubic NLS (jl.lOp is locally well-posed almost surely in H a ~2~(T). More precisely, there 
exist c > such that for each (5< 1, there exists a set £1$ G J- with the following properties: 

(i) P(fi§) = p a o u (^) < e - ^, where u : ->■ # a ^-(T). 

(ii) For eac/i a; G £ls there exists a unique solution u of (jl.lOj) in 

e- i3 \ + C([-M];ff s (T))cC([-M];r-r(T)) 

loitft t/ie initial condition Uq given by (jl.lip . 
In particular, we have almost sure local well-posedness with respect to the Gaussian measure 
(|1.12p supported in H a (T) /or each a > — | . 

1.4. Almost Sure Global Well-Posedness. We continue our study on the periodic cubic 
NLS (jl.ip with random initial data in the negative Sobolev spaces. In the second part of 
this paper, we study global well-posedness of (| 1 . 1 j) with initial data of the form (jl.lip . 
In particular, we establish almost sure global well-posedness of (II. ip with respect to the 
Gaussian measure p a in (j!.12j) for certain values of a < \ . 

So far, there is basically only one method known for proving almost sure global well- 
posedness of PDEs with random initial data of type (jl.llj) . In [3], Bourgain proved the 
invariance of the Gibbs measures for NLS. In dealing with the super-cubic nonlinearity, 
(where only the local well-posedness result was available), he used a probabilistic argument 
and the approximating finite dimensional ODEs (with the invariant finite dimensional Gibbs 
measures) to extend the local solutions to global ones almost surely on the statistical 
ensemble and showed the invariance of the Gibbs measures. We point out that this method 
can be applied in a general setting, provided that local well-posedness is obtained with a 
"good" estimate on the solutions (e.g. via the fixed point argument) and that we have a 
formally invariant measure such as the Gibbs measure or the white noise (where the leading 
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term corresponds to (|1.12p for a = 1 and a = 0.) See Bourgain [HE], Burq-Tzvetkov [9lfTTj . 
Oh pUESlEJ], and Tzvetkov pi Eg]. 

Prom Theorem [IJ we have local solutions in the support of the Gaussian measure p a in 
(jl,12p for a 6 (g, 5], which we would like to extend globally in time. Since the values of 
q is strictly between and 1, the initial condition uq in (jl.lip is not in the support of an 
invariant measure for (jl.lOp i.e. p a in ()1.12p does not correspond to (the quadratic part 
of) the Gibbs measure or the white noise. Therefore, Bourgain's probabilistic argument [3] 
is not applicable here. 

The crucial point in the local theory is the fact that the nonlinear part is almost surely 
smoother than the initial data. This observation led us to consider Bourgain's high-low 
method [6] for establishing global well-posedness, since this kind of nonlinear smoothing is 
the crucial ingredient for the method. Moreover, as you see below, the implementation of 
the high-low method naturally lets us apply our probabilistic local theory iteratively since 
the data for the difference equations with high frequency initial data have random Fourier 
coefficients at each step. 

In the following, we briefly sketch the iteration scheme for global well-posedness. Let 
s = a — \— with ct<\. i.e. s < oO 

By the large deviation estimate, we have 

(1.14) P(|KH||^>iO<e- cK2 . 

In the following, we restrict ourselves on Q,k = {oj £ £1 : \\uo(uj)\\H a < K}. By writing 
uo = 4>o + ipOi where c/)q := F<nUo = Yl\ n \<N uo(n)e mx , the low-frequency part is in 
L 2 (T), and it satisfies 

\\Ml* <n- 8 \\<i> \\h' <n- s k. 

Let u 1 denote the solution of (jl.lOp with the initial data </>o on some time interval [0,5], 
where 5 is the time of local existence, i.e. 5 = 5(N~ S K) < 5(||i^o||l 2 )- Then, we have 



(1.15) 



'idtu 1 -dlu l ±N{u l ) = 



u 1 |t=o = 00 • 



From the I? well-posedness theory of Bourgain [2], 15j) is globally well-posed with the 
L 2 -conservation: ||u 1 (t)||i2 = ||</>o||l2 < N~ S K for any t £ M. Moreover, from the local 
theory, we have 

(Lie) II^IIwm^^I^^^'^ 

Now, let v 1 be a solution of the following difference equation on [0, 5]: 

(idtv 1 -d 2 x v l ± (A/^ii 1 + v 1 ) -N(u 1 )) = 
(1-17) 1.1,1 L r, — »/)„ — V 3nH inx 

i.e. we have u(t) = u 1 (t) + v 1 (t) as long as the solution v 1 of (|1.17p exists. Note that tpo has 
Gaussian-randomized Fourier coefficients. Hence, we can use our probabilistic local theory 
(as in Theorem [[]) to study (|1.17p . 

Suppose that, by our probabilistic local theory, we can show that (|1.17j) is locally well- 
posed on the time interval [0, 5] except on a set of measure e - ^ . We have v 1 (t) = S(t)tpo + 
w 1 (t), where the nonlinear part w 1 ^) is smoother and is in L 2 (T) for all t £ [0,5]. The 



^In the global theory, we use s — a — |— <0to denote the regularity of the initial data below L 2 . 
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appearance of the external function u 1 in (|1.17p with large Z°'2 ,<5 -norm, forces us to refine 
our argument used to prove Theorem [1] to obtain a good estimate on ||u; 1 (t)|| i 2. 

At time t = 5, we redistribute the data. i.e. write u(5) = (f>i + ipx, where := 
v}{5) + w 1 (5) and tp\ := S(5)tpQ. Let u 2 denote the solution of (jl.lOp with the initial data 
(j>i starting at time t = 5. i.e. 

Ud t u 2 -d 2 x u 2 ±M{u 2 ) = o 

\u 2 \ t=5 = ct> 1 = u 1 {5)+w\5)eL 2 {T). 



;i.i8) 



Then, (|1.18p is globally well-posed. Also, from the local theory, we have 

(1.19) ||n 2 || z0 ,i [m < \\Ml* < WuHVWv + W^WWv < N- S K + H^ 1 (5) ||^ 2 < N~'K 
as long as 

(1.20) W^WiP^N-'K. 

Now, let v 2 be the solution of the difference equation on [5, 25]: 
( id t v 2 - d 2 x v 2 ± (AT(u 2 + v 2 )- AT(u 2 )) = 

Once again, ipi has Gaussian-randomized Fourier coefficients. Hence, we can use our prob- 
abilistic local theory to study (11.2ip . 

In this way, we iterate the deterministic local theory to the "low-frequency" part v? 
and the probabilistic local theory to the "high-frequency" part v 3 to prove that (jl.lOp is 
well-posed on [0, T] for arbitrary T > 0. For details, see Section [5l 

Theorem 2. Let a G (^,|]. Then, the periodic (Wick ordered) cubic NLS (jl.lOp is 

globally well-posed almost surely in H a ~?~ (T). More precisely, for almost every u € O 
there exists a unique solution u of (jl.lOp in 

e-^'u + C(R;L 2 (T)) c C(R;ff a -3-(T)) 

wii/i i/ie initial condition Uq given by (jl.llj) . 

In particular, we have almost sure global well-posedness with respect to the Gaussian 
measure (j!.12[) supported in H S (T) for each s > — y^. 

1.5. Remarks. We conclude this introduction by stating several important remarks. 

Remark 1.1. A linear part of a local- in-time solution constructed in Theorem [1] indeed 
lies in C([—5,5];B(T)) for any Banach space B(T) D H a (T) such that (H a ,B,p a ) is an 
abstract Wiener space. (Roughly speaking, an abstract Wiener space is a Banach space 
B containing H a , where the Gaussian meELSiire p a makes sense as a countable additive 
probability measure.) In this case, a solution u to (jl.lOp lies in 

u = e-v&ua + {-id t + d^u e C([-5, 6};B(T)) + C{[-5, 5];H S (T)) 

for some s > as in Theorem [TJ As examples of B, we can take the Sobolev spaces W a,p 
with a < a — i , the Fourier-Lebesgue spaces FL U)P with a < a — - , where J r L a ' p is defined 

A p 

via the norm ||/||^z,<r, P = \\(n) a f(n)\\ L p , and the Besov spaces B p ^ with p < oo. See 
Benyi-Oh |lj for regularity of yO Q (and uq in (jl.lip ) in different function spaces. In [1], we 
study the regularity of p a for a = 1 but it can be easily adjusted for any a. A similar 
comment applies to global-in-time solutions constructed in Theorem [2j For global-in-time 
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argument, however, it is important that the large deviation estimate ()1.14p still holds for 
these spaces. 

Remark 1.2. In the local theory of Theorem [TJ uniqueness holds only in the ball centered 
at S(t)v% of radius 1 in Z s ^ for some s > 0. Continuous dependence on the initial data 
holds, in some weak sense, in H S (T) for some s > 0. Also, note that Theorem Q] can not be 
applied to (jl.ip . since Uq is almost surely not in L 2 (T). 

In the global theory of Theorem [21 the situation is a little more complicated. On the one 
hand, uniqueness and continuous dependence for "low-frequency" part v? in the jth step 
hold in C([(j — l)5,j8],L 2 (T)) n Z°'^[(j — 1)5, jS] as usual. On the other hand, uniqueness 
for the high-frequency part v 3 in the jth step holds only in the ball centered at S(t)tpj-i of 

small radius in Z 0, 2 [(j — 1)6, jd]. Also, weak continuous dependence for ifl holds in L 2 (T) 
in the sense analogous to the local theory in Theorem [TJ (See Subsection 14. 1[ ) 

Remark 1.3. Recall that the white noise corresponds to a = in (j!.12p (up to constants). 
Hence, Theorems [TJ and [2] may also be viewed as partial results towards showing well- 
posedness of (jl.lOj) on the support of the white noise po- 

Remark 1.4. The periodic cubic NLS (jl.ip is known to be ill-posed in H S (T) for s < 0. 
See Molinet [23J for the most recent work and the references therein. As for the Wick 
ordered cubic NLS (|1.10|) . note that UN >a (x,t) = ae l ( Nx+N tT ^ *) solves the Wick ordered 
cubic NLS (jl.lOp for a 6 C and JVgN. Hence, by following the argument of Burq-Gerard- 
Tzvetkov [8], we can show failure of uniform continuity of the solution map of (jl.lOp below 
L 2 (T). Thus, it is nontrivial to construct solutions of (jl.lOp in the negative Sobolev spaces. 
Also, see Christ-Colliander-Tao [14j . 

As mentioned earlier, Molinet [23] showed that (jl.ip is not well-posedness below L 2 (T) 
by proving the weak discontinuity of the flow map in L 2 (T). We point out that his argument 
does not apply to (jl.lOp . Indeed, it is shown in |29j that the solution map to the Wick 
ordered cubic NLS (jl.lOp is weakly continuous in L 2 (T). 

Remark 1.5. On the one hand, it is known that Uq of the form (jl.lip is in TL S,V almost 
surely for s < a — - and not in the smoother spaces. See |26j [Tj. On the other hand, Christ 
|12j constructed local-in-time solutions in FLP' P for 2 < p < oo by the power series method. 
Also see Griinrock-Herr |16| for the same result via the fixed point argument. Hence, it 
follows from their result that (jl.lOp with Uq in (jl.lip is almost surely locally well-posed for 

a > 0, but the solution u lies in C{[-5, 8]; J 7 L°'^ + (T)). 

In the following, we first construct local-in-time solutions in C([— 5, 5]; H a ~ ?~ (T)) by 
exhibiting nonlinear smoothing under randomization. Also, see Remark 11.11 In Theorem 
[21 we extend the local solutions to global ones (in the absence of invariant measures) by 
exploiting such nonlinear smoothing. 

Remark 1.6. In [5], the two dimensional Wick ordered (defocusing) cubic NLS appeared 
as an equivalent formulation of (the limit of the finite dimensional) Hamiltonian equation, 
arising from the Wick ordered Hamiltonian. Such renormalization on the nonlinearity 
was a natural consequence of the Euclidean ip\ quantum field theory. In our case, by 
taking the initial data Uq to be of the form (jl.lip with a < ^, (11 . lOf) also arises as an 
equivalent formulation of (the limit of the finite dimensional) Hamiltonian equation from 
the Wick ordered Hamiltonian, (at least for a > -r) under Gaussian assumption on solutions. 
Moreover, such renormalization is needed to obtain the continuous dependence on the initial 
data [121 [16]. See [29J for more discussion on this issue. 
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Remark 1.7. In [5], local solutions were constructed via the fixed point argument around 
the linear solution z\{t) := S(t)uo with probabilistic arguments. Also see Burq-Tzvetkov 
\10\ [TTj and Thomann |31j for related arguments. While the basic probabilistic argument 
(e.g. Lemma \3A\i is similar, the argument in |10t [31] further exploits the properties of 
the eigenfunctions, and the argument in [5J and this paper exploits more properties of the 
product of Gaussian random variables via the hypercontractivity of the Ornstein-Uhlenbeck 
semigroup. 

This paper is organized as follows. In Section 2, we introduce the basic function spaces 
and notations. In Section 3, we list some deterministic and probabilistic lemmata. Then, 
we prove Theorem Q] in Section 4 and Theorem [2] in Section 5. 

2. Notation 

First, recall the Bourgain space X s,b (T x R), c.f. [2], whose norm is given by 

IMIx^(TxR) = \\( n ) S ( T ~ n2 ) b u( n >l~)\\i2 nL 2 

where ( • ) = 1 + | • | 

Since the X s, 2 norm fails to control L^H^. norm, we use a smaller space Z s ' b (T x R) whose 
norm is given by 

(2-1) IMIz^TxR) = IMIx^CTxR) + IMIys,i>-i( T><K ) 

and IM|ys,f>(TxR) = \\( n ) s ( T ~ n 2 ) b u(n, r)||;2 L i . We also define the local-in-time version 
Z'M on T x [-5,5], by 

IMI^m = inf {||w|U«,6( T xR) : ^\[-s,s] =u}. 

We also define the local-in-time version Zj' b = Z s,b [a,b] on an interval I = [a,b]. The 
local-in-time versions of other function spaces are defined analogously. 

For simplicity, we often drop 2ir in dealing with the Fourier transforms. 

If a function / is random, we may use the superscript f u to show the dependence on oj. 

We use rj S C£°(R) to denote a smooth cutoff function supported on [—2, 2] with 77 = 1 
on [—1,1] and let rj s (t) = ^(S^t), and x = X[-i,l] to denote the characteristic function of 
the interval [-1, 1] and let x 6 (t) = x{5~ l t) = X[-8,6](t)- 

The decreasing rearrangement of dyadic numbers Ni,N%, N% will be denoted N 1 ,^, N 3 , 
following [5]. 

We use c, C to denote various constants, usually depending only on a and s. If a constant 
depends on other quantities, we will make it explicit. We use A < B to denote an estimate 
of the form A < CB. Similarly, we use A ~ B to denote A < B and B < A and use 
A <C B when there is no general constant C such that B < CA. We also use a+ (and a—) 
to denote a + e (and a — e), respectively, for arbitrarily small £<1. 

3. Deterministic and Probabilistic Lemmata 

In this section, we state several useful lemmata. First, recall the following algebraic 
identity related to the cubic NLS: 

(3.1) n 2 — (n\ — n 2 + n\) = 2(n2 — ni)(n2 — 713) 

for n = n\ — n2 + n%. Let N l ,N 2 ,N 3 be the decreasing ordering of N%, N2, N3, where 
\rij \ ~ Nj, and let n J denote the corresponding frequency. 
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Next, recall the following number theoretic fact (T7J. Given an integer m, let d(m) denote 
the number of divisors of m. Then, we have 

log m 

(3.2) d(m) < e lo s lo s m (= o(m £ ) for any e > 0.) 
From this fact, we obtain the following lemma. 

Lemma 3.1. Fix /i£Z. Lei 

Sju = {(rai,n 2 ,n 3 ) G : |n_j| ~ Nj,n 2 ^ ni,ra 3 , and 2(n 2 - ni)(n 2 - n 3 ) = /j}. 
Then, we have 

(3.3) #5 M < (iV^o+iV 3 . 

Proof. By assumption, we have < (A^ 1 ) 2 . Hence, the number of the divisors of /i is 
o((A fl ) e ) for any e > 0. Without loss of generality, assume iV 3 ~ min(|n 2 |, l^l)- 

First, suppose |n 2 | ~ iV 3 . Fix n 2 . Then, from (|3.2p . there are at most o((A rl ) 0+ ) many 
choices for d := n 2 — ni. Then, there are at most o((A^ 1 ) 0+ ) many choices for n\ and 713 
since ni = n 2 — d and 77.3 = n 2 — 

Next, suppose |n 3 | ~ A^ 3 . Fix 713. Then, from (|3.2p . there are at most o((A rl ) 0+ ) many 
choices for d := n 2 — 713. Then, there are at most o((N 1 ) 0+ ) many choices for n\ and n 2 
since ra 2 = d + 713 and n\ = d + 113 — ^5. Hence, (13. 3|) holds in both cases. □ 

Recall that by restricting the Bourgain spaces onto a small time interval [—5, 5], we can 
gain a small power of 5 (at a slight loss of regularity on (r — n 2 ).) See [2]. 

Lemma 3.2. For b < i we /iaue 

(3-4) ll«llx*.M = ~ <y3 ~ 6 ~NI Jf . I 4,«- 

Before presenting the proof, first recall the following fact from [TJ. Let X«(*) := X[-5,5](t) 
be the characteristic function of the interval [—5, 5]. Then, for b < i, we have 

(3.5) lU^HIx^ ~ IMIxs.m- 

One can easily obtain (|3.5p from the boundedness of multiplication by a sharp cutoff func- 
tion in Jp\ for b < h. 

Proof. Let u be any function such that u = u on [—5,5]. Also, let tj = Xs(t) u - Then, we 
have v = u = u on [—5,5]. Moreover, from ()3.5|) . we have 

(3.6) IMIx s > 6 ~ IMIx*' 6 ' 5 ~ II ^llx"' 6 ' 15 

for 6 < \. From (|3.6p . we also have ~ || j^ s ,b,<5 < [|m[|.x-«,!>- 

By interpolation, we have 



(3.7) IHx^ZMrxsAvll 1 -^, 

X ' 2 



where a = 1 — (2+)6 G (0, 1). Recall x7( T ) = bx{$ T )-, where x = X[-i,ll- Hence, we have 
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Thus, we can gain a positive power of 5 as long as q > 1. For fixed n, by Young and Holder 
inequalities, we have 

\\v(n, -)\\ L 2 = ||x>2(n,-)||z,2 < \\T s \\ L 2-\\u(n,-)\\ L i+ 
< 6^ 



<^-||(r-n 2 )l5(n,-)||L2. 



. i 



Hence, for p > 2, we have 

(3.9) IMIx 3 ' ^5 IN 

Then, from (|3.6p . (|3.7p . and (|3.9p . we have 

||n|| X s,fc,<5 ~ 1 1 ^ 1 1 J5C s - b ^ <5 2" ^ 1 1 ^ I 



for any u such that u = uon [—5, J]. Therefore, (|3.4p follows from the definition. □ 

Lastly, we present several probabilistic lemmata related to the Gaussian random vari- 
ables. 

Lemma 3.3. Let e, j3 > and 6 <C 1. Then, we have 

(3.10) | 5n (w)| <Cri(n) £ 

/or all n £ Z for oj outside an exceptional set of measure < e~^ . 

Proof. Recall from |24j that we have P(sup„(n) _e |<? n (u;)| > K) < e~ cI<2 for sufficiently 

_§_ 

large K > 0. Now, choose K ~ <5 2 . □ 

Lemma 3.4. Let f UJ (x,t) = s ^ J c n g n {uj)e l ^ nx+n2t \ where {g n } is a family of complex valued 
standard i.i.d. Gaussian random variables. Then, for p > 2, there exists 5q > such that 



P(llrllLP(Tx[-^)>C||Cn^)<e" 



for 5 < 8 . 



Proof. By separating the real and imaginary parts, assume that g n is real- valued without 
loss of generality. From the general Gaussian bound (c.f. Burq-Tzvetkov [ 1 1 J ) , there exists 
C > such that 

\\^2c n g n (uj)\\ Lr{n) < CVr||c n || Z 2 

n 

for every r > 2 and every {c n } ne z £ In- (This is also immediate from the hypercontractivity 
property as well. See |35j.) By Minkowski integral inequality, we have 

E(|ini^ t(TxMi(5]) ) r < || ||.HUr(n) || Z P >t < V^||l|Cn||j2 IL^(Tx[-<5,5]) 

< \/r (5F|| Cn ||^ 
for r > p. Then, by Chebyshev inequality, we have 

n\\r\\L P (Jx[-6,S]) > A) < C r \- r rH L v\\c n \\ r l2n . 

1 -, 
Let A = Cr5p \\c n ;2 and r = 5 C with c = -. Then, we have 

n\\n\»px[-6,S\) > CWcJpJ < e~ rln ^ < e"£, 
for 5 sufficiently small such that r > p. It follows from the proof that Sq ~ e~ plnp . □ 
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In Subsections 14,41 and 15.51 we also use the hypercontractivity properties related to 
products of Gaussian random variables. See Sections 3 and 4 in Tzvetkov |35| . 



4. Local Theory 

4.1. Basic Setup. Consider the Duhamel formulation ()1.13j) of the Wick ordered NLS. As 
mentioned before, when a < \, the linear part S(t)uQ ^ L 2 (T) almost surely. Nonetheless, 
we show that the nonlinear part lies in a smoother space H S (T) for some s > 0. More 
precisely, we prove that for each small 5 > 0, there exists Q$ with complemental measure 
< e~~^ such that T defined in (|1.13|) is a contraction on S(t)uQ + B for uj G fig, where 

B denotes the ball of radius 1 in Z S, 2' S for some s > 0. i.e. we construct a contraction 
centered at the linear solution. 

First, recall the following linear estimate [2], |15j : 

ft 



(4.1) 



r] s (t) / S(t-t')/V{u)(t')dt' 



o 



z~ ~ " z °' 3 ' 



where rj s is a smooth cutoff on [—2(5,25]. Then, Theorem [T] follows once we prove 
(4-2) \mu)\\ z ^ hs <5 9 , 6>0 

for co G £1$ w hh ^(^5) < e - ^. From the embedding Z s '~^ ,<5 C C([— S, 5} : H s ), this implies 
that the nonlinear part of the solution u w is in C([—5, 5] : H s ). Now, write j\f(u) as follows: 

j\f{u) = u\u\ 2 -2u -r \u\ 2 



(4.3) = n^Hna^naK^ 1 -™ 2 ^^ 



In the following subsections, we will prove (|4.2p by separately estimating the contributions 
fromA/i(u) andA/^'u) for u G S(t)uQ+B. i.e. -u = S(t)uQ+v for some u with ||u|| a 1 s < 1 
By regarding Ai and Af 2 as trilinear operators, we write 



(4.4) A- 1 (n 1 ,u 2 ,u 3 )= Mni,t)u 2 (n2,t)u 3 (n 3 ,t)e^- n2+n ^ x , 



inx 



(4.5) jV 2 (u 1 ,u 2 ,u 3 ) = y~] u\ (n, t)u 2 (n, t)u 3 (n, t)e 

n 

Then, we prove ()4.2p by carrying out case-by-case analysis on 

\\Ni{ux,u 2 ,u 3 )\\ zSt _ij and \\f\f 2 (ux,u 2 ,u 3 )\\ zSi _i t , 

where Uj is taken to be either of type 
(I) linear part: random, less regular 



u ^ t) = y 9n^)_ ei(nX+ nH) 

~* \/l + \n\ 2a 



(II) nonlinear part: deterministic, smoother 



vj with WvjW^ i j, < 1. 
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Note that (|4.ip and (|4.2p imply only the boundedness of the map V in ()1.13j) from 
S(£)Uq + B into itself (for 5 > small). In establishing the contraction property, one needs 
to consider the difference Tu\ — Yu 2 for ui,u 2 G S(t)uQ + B. We omit details since the 
computation follows in a similar manner. Lastly, suppose that «o = Uq is a good initial 
condition such that T is a contraction on S(t)uo + B. Let uq be a function on T such that 
1 1 u o ~ uq\\h s < jq- Denote by V the solution map corresponding to the initial condition 
no- Then, one can show that V is also a contraction on S(t)uo + B for 5 sufficiently small. 
Moreover, we have 

\\u(t) - u(t)\\ H s < C\\u - u \\h° 
for |t| < 5, where u is the solution with the initial condition uq. For details, see [2J, [5]. 

4.2. Estimate on j\T 2 - In this subsection, we prove the easier part of the estimate (|4.2|) : 

(4-6) l|M(ui,U2,« 3 )[l z .,-a,,<a* 

for some 6 > 0, outside an exceptional set of measure e - *^, where A/2 is as in (|4.5p and u.,- 
is either of type (I) or (II) . By Cauchy-Schwarz inequality, we have 



(4.7) 



LHS of 



(t — n 2 ) 2" 



ui(n, n)u 2 (n, T 2 )u 3 (n, T 3 )dTidr 2 



T = T 1 -T2+T' i 

In the following, we may insert the smooth cutoff function rj s supported on [—25,25] if 
necessary. 



Case (a): Uj of type (II), j = 1, . . . , 3. 
By Holder inequality with p large = j+ + h), we have 



(33) < sup (I (r-n : 



2\- 



2 



{n) s I ui{n,Ti)u 2 {n,T 2 )uz{n,T?,)dT 1 dT 2 

r=ri— T2+T3 



/ 2 A p 



By Young and Holder inequalities, 



< 



M s nil%(n,r)|| 3-IL2 <||(nrni|(r-n 2 )^%(n,r)|| L 2||^ 

-1 T" ■ I 



By Lemma 13.21 Holder and Z 2 C 1^, we have for s > 

3 3 
< 5 1 - [] ||(n>f(r - n 2 )^,(n,r)||,e L 2 < 5 1 - 

i=i 3=1 
• Case (b): iij of type (I), j = 1, . . . , 3. 

By Lemma 13.31 we have |gf n (a;)| < C5~z {n) £ for ui outside an exceptional set of measure 
< . Then, by Holder inequality with p large (^ = ^qr + ^) and Young's inequality with 

EEs. 

(B2D<sup||(r-n 2 )-5+|| L2+ 



" 3a lo I 3 

|yn| 



^( r i - n )V S ( T 2 - n 2 )rf s (T 3 - n )dndT 2 



T=Tl-T 2 +T 3 



;2 TP 



<5 1 - 



n 



-3ai 
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as long as 2s — 6a + 6e < — 1 or a > |s + i. 

• Case (c): Exactly two Uj's of type (I). Say ui(I), U2(I), and u 3 (R). 

By Holder inequality with p large, Young's inequality with (13.8p . and Lemmata 
3.31 we have 

(S21) <sup||(r-n 2 )-^|| L?+ 



(n) 



s-2ai \2 
\!Jn\ 



if s (n - n )rf 5 (r 2 - n 2 )v 3 (n,T 3 )dTidT 2 



T=Tl—T 2 +T 3 



< 5-2- ( sup(n)- 2a \g n \ 2 ) \\ (n) s v 3 (n, r) |U L? 



<5 l -P\ 



and 



for a > outside an exceptional set of measure < e~ ^ . 

• Case (d): Exactly one Uj of type (I). Say u\(l), u 2 (R), and (II) . 

By Holder with p large, Young's inequality with (13.8p . and Lemma l3.3|. we have 



dSD < sup || {r-n 

{ n y- a \ g , 



V s {n ~n )v 2 (n,T 2 )v3{n,T 3 )dTidT2 



r=n— T2+T3 
3 



<^"(sup(n)— | 5n |) ni|(n) s %(n,r) 



i=2 



By Holder inequality inn (2 = 3 + 4) an d hi r (I = \ + i) followed by Lemma 



< 6*-*- J] \\(n) a (r - n 2 )^(n, r)\\ liL% 



i=2 

< 5 l -i- [J \\{n) s {r - n 2 )H-(n,r)||^ ? < S 1 ' 
i=2 

for a > —s outside an exceptional set of measure < e - ^. 

4.3. Estimate on N±: High Modulation Cases. In the next two subsections, we prove 
the main part of the estimate 

(4.8) 



Wi(ui,u 2 ,u 3 )\\ z ^ ls <S s 



for some 9 > 0, outside an exceptional set of measure , where A/i is as in (|4.4j) and Uj 
is either of type (I) or (II). 

As in [5j, let A 1 , A 2 , A 3 be the decreasing ordering of Ai, A2, A3 and u l ,u 2 ,u 3 be the 



In 



corresponding Uj-factors. Also, let a ,0 ,a denote the corresponding <jj := (r. 
the following, we use superscripts to imply that the functions (or variables) are arranged 
in the decreasing order of the spatial frequencies N\ , N 2 , A3 . 

In the rest of this subsection, we consider basic cases. Recall the periodic L 4 -Strichartz 
estimate from [2]: 



(4.9) 



< 
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Interpolating this with || it 11^2 = ||w|| jfO,o , we have 

(4.10) H n ll^ + t ~ IMI x o,!+> and \\ u \\l 2 x + ~ 

By Cauchy-Schwarz inequality, we have \\M\\\ s _i s < s _i + s as used above. Then, 



using duality, we can estimate (|4.8|) by 

(4.11) / \{d x )"u 1 )u 2 u 3 -vdxdt 



where i_ s < 1 (with the complex conjugate on an appropriate v? .) 

• Case (A): u 1 and u 2 are of type (II). 

If it 3 is of type (II) , then by Holder inequality, fj4.9f) , and Lemma 13.21 we have 

gm < [|(9x)'«illLi it ll«3lLi it [l«3lLi it [l«[Lj it ^^-\\A\ x s^A u \o,iA\A\ x0 ^ s <^- 

as long as s > 0. If u 3 is of type (I) i.e. it 3 = S(t)uo, then apply dyadic decompositions on 
N 2 and TV 3 . Then, by Holder inequality with p large, (|4.10|) . and Lemmata 13.41 and 13.21 we 
have 

(BHD < ||(3:r)V|| L 3 + ||lX 2 || L 3 + ||u 3 || L p|M| i 3+ 

^(iv 3 )^^^ 1 !!^^^ 2 !!^^,^!!^^ 

outside an exceptional set of measure < e - ^. If (tj — ^ 2 ) 3 ~ ^ (iV 3 )2~ Q + for Uj of type 

(n), or if (r - n 2 )\- > (N 3 )^~ a+ , then (pE} follows with 9 = \- in view of LemmaEl 
Hence, in the following, we may assume 

(4.12) (r - n 2 ) < (iV 3 ) 2 - 4a +, and ( Tj - n 2 ) < (AT 3 ) 2 ~ 4a + if Uj of type (H). 

• Case (B): u l of type (II), and it 2 of type (I). 

Dyadically decompose the spatial frequencies for iV 2 and iV 3 . First, suppose that u 3 is 
of type (II). By Holder inequality with p large, (14. lOf) . and Lemma 13.41 we have 

(!44T]1 < ||(^) s n 1 || L 3 + ||it 2 || £J .||ii 3 ||_ L 3+||i;|| i 3 + 

< (^ 2 )i- a+ |k 1 ||^, i+ , 5 |k 3 ||^ . i ^|k||^ , i+ , 5 

outside an exceptional set of size < e - ^. If (tj — n 2 )±~ > (N 2 )2~ a+ for Uj of type (II), or 

if (r - n 2 )3~ > (N 2 )^~ a+ , then (j4"IS|) follows with 9 = \— in view of Lemma [3T2I Hence, 
we may assume 

(4.13) (r - n 2 ) < (iV 2 ) 2 ~ 4Q+ , and (73 - n 2 ) < (jV 2 ) 2 - 4 «+ if Uj of type (II) 
in the following. 

Next, suppose that it 3 is of type (I). Again, by Holder inequality with p large, (I4.10p . 
and Lemma 13.4} we have 

([4TTT]) < ||(^.)V|| £ a+||« 2 ||Lp||« 8 || i p||t;||ia+ 

< (iV 2 ) 1 - 2a+ || U 1 || Xs ,o + , 5 |k||xo,o + , 5 . 

outside an exceptional set of measure < e~^. If (u 1 )^ - > (A r2 ) 1_2a+ or if (r — n 2 )z~ > 
(iV 2 ) 1_2Q+ , then (|4.8p follows with = tj— in view of Lemma 13.21 Hence, we can assume 
(I4TT3D as well. 
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• Case (C): u 1 of type (I), and u 2 , u 3 of type (II). 

Dyadically decompose all the spatial frequencies. Suppose (r — n 2 ) 3> a 2 , a 3 . By Holder 
inequality with p large and Lemmata 13.41 and 13.21 we have 

(BHD < (A rl )l" 1 |M|u 2 || i 4||u 3 || L 4|M| L2+ < (iV 1 r + ^ Q+ ||n 2 || x0ifi J|n 3 || x0 ,3,,|| W || x o,o + ,, 



<5^(A/ 1 )^- Q+ ||n 2 || x0i i,,||n 3 || x0i iJ| W || x o,o + , 5 



outside an exceptional set of measure < e~~^. Hence, (|4.8p follows as long as (r — n 2 ) > 
(N l Y s+l ~ 2a+ . Similar results hold if a 2 » a 3 , (r — n 2 ) or cr 3 > cr 2 , (r — re 2 ). Hence, we 
assume 

(4.14) (r - n 2 ) <C (jV 1 ) 2 ^ 1 - 2 ^, and ^ _ ^ ^ ^ N i^+i-2a+ if ^. of type ^ 

• Case (D): -u 1 of type (I), and either u 2 (l), u 3 (R) or u 2 (n), u 3 (I). 

Suppose that u 2 is of type (I) and that u 3 is of type (II). Moreover, suppose (r— n 2 ) S> <r 3 . 
By Holder inequality with p large and Lemmata 13.41 and I3.2( we have 

(BHD < (JV 1 ) B ||w 1 ||Lp||u 2 ||ii,||« 3 || La +||u|| La < (N 1 )' +1 - 2a+ \\u 3 \\ x0 , ( H;s\\v\\ x0 , , l 



outside an exceptional set of measure < . Hence, (|4.8|) follows as long as (r — n 2 ) > 
^jyi^2s+2-4«+^ gi m ii ar results hold if a 3 > (r — re 2 ), (or u 2 is of type (II) and u 3 is of type 
(I).) Hence, we assume 

(4.15) (r - n 2 ) < (jV x ) 2s+2 - 4a+ , and ^. _ n ^ ^ (Ar i )2s +2-4a+ if ^ of type (n) _ 
Summary: Given a function v(x,t), we can write u as 

(4.16) v(x,t) = f (A)-^^(n) 2s (A)|^(n,n 2 + A)| 2 ) i {e lA '^a A (ny( ra+ " 2 *)}dA 

n n 

where a A (n) = v(n,n 2 +\) Note that V (n) 2s |a A (n)| 2 = 1. For llvll , i < 1, 

we have 

(4.17) f (A)-K^(n) 2s (A)|^(n,n 2 + A)| 2 )^A<(logK)^ 

by Cauchy-Schwarz inequality. See (22) and (23) in j5j. Note that (|4.16j) is a standard 
representation for functions in X s,b for b > |. For example, see Klainerman-Selberg |19j . 
We have a logarithmic loss in our case since b = ^. 

• Case 1: First, we consider the case if any of Uj is of type (II). From Cases (A)-(D), we 
assume that (r — n 2 ) <C K = K(N^) for j = 1, 2, or 3 in the following. By Cauchy-Schwarz 
inequality, we have 

HM||y.,-i <(logiO^||M| 

In a similar manner, we have 



2M2 ' 1 



mil,-* - ( E /<»> ! *^Sf - (e l^m^L dT 



< 



(log A") 2 1 1 (n) Wi (n, A + n 2 ) I L ^ , 2 
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Then, letting * = {(ni,n 2 ,rc 3 ) G 1? : n = n 1 -n 2 +n 3 , n 2 / ni,n 3 } and ** n = {(ti,t 2 ,t 3 ) G 
M 3 : r = A + n 2 = ti — T2 + T3}, we have 



LHS of (3D < (logiQaHA/'i 



(4.18) 



< (logiT) sup 

(A)<x 



3 



' )7 



where (n,,- , Tj ) 



g nj {u)5(Tj-n 2 ) 



or 



(Xj) 2Cj[Xj)a x Anj)8(Tj - n] - Xj)dXj 

{\\jKK} 

with £„>;> 2s K(%)| 2 < 1 and c^Xj) = K) 2 *(A i )|%(m i , nj + A,)| 2 ) 5 . For j 

such that Uj is of type (II), we can pull the integral in the corresponding Xj outside the 
/ 2 -norm via Minkowski integral inequality. Then, for fixed n, rij, A, and Xj, by integrating 
in r\ and t 2 , we obtain 



IT ^ T -? — n i — Xj)dT\dT2 

■n j—l 



1, n 2 — n 2 + n 2 — n 2 + A — Ai + A 2 — A 3 = 0, 
0, otherwise, 



where A,,- = or Aj, corresponding to type(I) or (II). 

For example, consider the case when u\ and u 2 are of type (II) and ii 3 is of type (I). 
Then, from (|4.18p . we hav<3 

3 

^{n 1 ) 3 / Y\_Uj{nj,Tj)dTidT 2 

* •'**« j=i *n 

2 2 

17 i=i * fc=i v 1 

o 

> 0n 3 M 



V 1 + \nz 



dX\dX 2 



(4.19) 



< 



(logiC) sup 

Ai,A2 



2a 



I 2 



where the last inequality follows from Cauchy-Schwarz inequality and (|4.17p . Note that if 
Uj is supported on [—5, 5] in time, then, in view of Lemma 13.21 we can gain 5 e for small 
9 > in (|4TTU|) by replacing (A)~2 with (A)~^ +e in KT7\\ . As a result, we lose K 0+ in 

• Case 2: Next, we consider the case when all Uj's are of type (I). From (13.ip . we have 
(4.20) \t - n 2 | = |2(n 2 - n x )(n 2 - n 3 )| < (N 1 ) 2 . 

Thus, by Cauchy-Schwarz inequality, we have 

||M||y.,-M SOogJV^IIMII^-i,,. 



'We drop the complex conjugate in the following. 
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By an argument similar to Lemma |3, 2\ we have 



i ,S ^ S 6 



<5 e 



»7=i + K 



2<> 



for small > 0. By integrating in T\ and t%, we have 

3 



/ IT ~ n j)^ r i^ T 2 = - n 2 + n 2 — n|). 



Hence, for fixed n, we have 

(r-n 2 ) 2 > ) / ]]_ 7= , io dridr 2 



=1 Vi + 



n 



1 2a 



(r - n 2 ) 



2\-l+2e 



9nj 



e <-'>'n-^= 

'-1— U2+U3 7=1 V ' 



n=ni— rt2+n,3 j = 

n27^ni,ri3 



|2a 



S(t — n\ + n 2 . — n|) 



2 \ i 
z x 2 



rir 



-l+2e 



(/i) - ' - I sup 
lMl<(A f1 ) 2 / H^ 1 ) 2 



e <"'>*n 



n=ni— n2+ri3 
n2^ni,n3 
n 2 =n\+ri2— n|+/i 



iV* 
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1 2a 



^(iV 1 )^ sup 
H<(^) 2 



e n 



5n,- 



n=ni—n2+n3 j 



f=iVi + 



.|2a 



Then, we can take ^-summation in n. 

Therefore, we can reduce the estimate (|4.8p into the following two cases (with 9 = 0+): 
• u 1 is of type (II): 

From (|gTT2j) and (pTT3"j) . we can assume that aj < (iY"3)2-4a+ Qr ^ 2 ) 2 - 4a + for Uj of 
type (II). Then, by (liTlBI) and (fiTTT]) . we can bound (jiTJ) as follows: 



(4.21) 



^<S°M(N 2 ,N 3 ) E ai(«i)a2(n 2 )a 3 (rt3) 



n n=ni— U2+U3 
n2#ni,n 3 



1 

2\ 2 



where £ n |a»| 2 < 1, a*(n) = -^L or £ |n| ^ |a>)| 2 < (A«)- 2s for j = 2,3, and 

Case (A): M{N 2 ,N 3 ) = (N 3 ) 0+ and \fx\ < (jV3)2-4«+ 
Case (B): M(iV 2 ,iV 3 ) = (iV 2 )°+ and < (iV 2 ) 2 - 4a +. 

Note that we did not apply dyadic decomposition on N 1 . 
• u 1 is of type (I): 
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From (jiHD and (^15|) . we can assume that Oj < (jyi)2s+i-2a+ or ^1^+2-40+ for u . 
of type (II). Then, by (|4.16p and (|4.17p . we can bound (14. 8ft as follows: 



(4.22) 



where a 1 in) 



^<5 e (N l y+[ E aiK)«2(n 2 )a 3 (n 3 ) 



Iral^JV 1 n=m-n 2 +n3 



1 

2\ 2 



gnM 



a- 7 (n) 



3nM 



= or Eln 



|n|~iVi 



< (A")- 2s for j = 2,3, and 



Vi+M 2q ' \/T+H 2 
Case (C): < (ATi)2s+i-2a+ 

Case (D): \n\ < (ATi)2s+2-4a+ 
All type (I): H < (iV 1 ) 2 , 
Note that all the spatial frequencies are dyadically decomposed in this case. 

Suppose I I > 10(|ni| + |n 3 |). Then, on the one hand, |/x| ~ \{n 2 — n\)(ri2— n 3 )\ ~ | ri2 1 2 ~ 
(iV 1 ) 2 by (jill). On the other hand, if u 1 = u 2 is of type (II), we have \n\ < (N 2 ) 2 - ia+ < 
(iV 1 ) 2 as long as a > 0. If u 1 = u 2 is of type (I), we have \fj,\ < ^ifs+2-ia+ < ^1^2 
In both cases, we would have a contradiction. Hence, we can assume that 
N . Moreover, by symmetry between u\ and ii 3 , we assume |ni| ~ iV 1 



since a > 



2' 

\m\ ~ N 1 or |n 3 | 
in the following. 

Lastly, we list all the different cases following [5]. We consider these cases in details in 
the next subsection. 

iV 3 (I), n 3 = iV 2 (H) 
iV 2 (H), n 3 = iV 3 (I) 



Case 


(a): 


m 


= iv 1 (n), 


n 2 


= N 2 (I) 


n-3 


= iV 3 (II) or n 2 
= iV 2 (I) or n 2 


Case 


(b): 


ni 


= N 1 (R), 


n 2 


= 7V 3 (H) 

= iv 2 (n) 


, n 3 


Case 


(c): 


n\ 


= NHl), 


"2 


, n 3 


= iv 3 (n) 
= iv 2 (n) 


Case 


(d): 


m 


= N\l), 


"2 


= iv 3 (n) 

= iV 2 (I) 


, n 3 


Case 


(e): 


n\ 


= JV 1 (H), 


n 2 


™3 


= iV 3 (I) 
= iV 2 (I) 


Case 


(f): 


n\ 


= N 1 (R), 


n2 


= iV 3 (I) 
= iV 2 (I) 


™3 


Case 


(g): 


n\ 


= NHl), 


"2 


™3 


= iv 3 (n) 
= iv 2 (n) 


Case 


(h): 


m 


= NHl), 


"2 


= iV 3 (I) 

= iv 2 (n) 


™3 


Case 


(i): 


n\ 


= N'(l), 


"2 


, n 3 


= iV 3 (I) 
= N 2 (l) 


Case 


(j): 


m 


= NHl), 


"2 


= iv 3 (n) 

= iV 2 (I) 


, n 3 


Case 


(k): 


m 


= NHl), 


"2 


n 3 


= iV 3 (I) 
= N 2 (l) 


Case 


(1): 


n\ 


= NHl), 


Ti2 


= iV 3 (I) 


n 3 



4.4. Estimate on J\f\' Low Modulation Cases. For notational simplicity, we use \n\ a 
for a/1 + \n\ 2a . We may drop a complex conjugate on u 2 when it plays no significant role. 
Now, let 

A-n = {("-1,^2, "-3) G Z 3 : n = ni - n 2 + n 3 , \nj\ ~ Nj,j = 2,3, 

n 2 7^ n i-, n 3, and n 2 = n 2 — n 2 + n 3 + fi} 

and B n = A n n {|^i| ~ N\}. Also, from (|3.ip . we have 

(4.23) = 2(n 2 - ni)(n 2 - n 3 ) = 2(n - ni)(n - n 3 ). 
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• Cases (k), (1): u±, 11,2,11,3 of type (I). In this case, we have 



1 

2\ 2 



(4.24) 62i<^ + ( e |E^f#f£f| 2 ) 

V |n|<7Vi B n ' ' ' ' ' ' 7 

First, we consider the contribution from m 7^3- Let 

nl j ' ^ |m| a |n 2 | a |n 3 | Q ' 

where C n = B n n {ni / 713}. Then, by hypercontractivity property related to the product 
of Gaussian random variables (c.f. |35^ Propositions 3.1 and 3.3]), we have 

3 

Il-Pkllipfn) < P 2 \\Fn\\L 2 (n) 
for all p > 2. Hence, it follows from Lemma 4.5 in [35] that 

PG^nHI > A) < ex V (-c'\\F n fJ {n) \l). 
By choosing A = 5~^^N^ \\F n \\ L 2^ with e = 0+, we have 

3 1 c'iVf 

(4.25) Pd^nMI > r^iVf ||F n || L2(n) ) < e l^. 
By Lemma 13.14 we have 



RHSofra<^<H E E l IS. ,2a, ,2a ) 

V, 77^ \ni\ 2a \n 2 \ 2a \n3\ za ) 
< 5 e -^Nl- a+¥+ {N 2 y a {N^r a+ ^ 



< 



^_3^ iV «- a+ | e+ for a > 1 

3 



<^-'^V\N°- / for «>f + S (witha<±) 
11 Jv i ' \ for a > s (with a > |) 



i=i 

outside an exceptional set of measure 

(4.26) < E £ ^e"^ < Ar i °- e -^^+( 1 +) 1 °s^ < jv£- e -*. 

N<JVi 

Note that in this case we need to make sure that the measures of these exceptional sets 
corresponding to different dyadic blocks are indeed summable and bounded by e~^. We 
may not be explicit about this point in other cases, e.g. Cases (A)-(D) in Subsection 14.31 
We do not encounter this issue in using Lemma 13.31 since it gives one exceptional set of 
measure < e - *^ for all the frequencies. 

Now, consider the contribution from n\ = n 3 . It follows from (|4.23p that there is 

at most one choice of (m, ^2,^3) for each fixed n. Thus, 2J|n|<JVi I XJs n ni =n 3 M = 
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J2\ n \<N! Y^B n ,m=n 3 1 - Hence, by Lemmata [3J] and [3731 we have 

i 3 

(4.27) RHS of < 5 e -^N°- 2a+2e+ N; a+ - 2+£ < S e ~^ N°~ 

j'=i 

for a > | + | outside an exceptional set of measure < e~ . 

• Case (a): (Case (b) can be treated in a similar way by replacing 722 and 723.) 

In this case, we have \i = 2(n 2 — n{)(n2 — TI3) = o{{N 2 ) 2 ~ ia+ ). This implies that 
|n|, I tt-1 I , I n.3 1 < N% for some q > since 722 7^ rai,ri3. Now, fix n. Then, it follows from (j3.2|) 
that 

(4-28) E 1 -^- 

Then, by Lemma [3731 and Cauchy-Schwarz inequality, we have 

1 



620 < 5*"* (JVb)-**** ( E ( E l«i(-i)| 2 |«3(n 3 )| 2 ) ( E 1 
By (|4T28D . we have 



<^fiY 2 -^(EEl a iM| 2 |«3(n3)| 2 ^ 
(4.29) < 5 e -2 Nz a+e+ Nz S < 5 9 'n$-N°- 

for a > and s > outside an exceptional set of measure < e~~^. Note that |rt3| < iV| i s 
crucial in the last inequality of (I4.29P when s = 0, 712 = A^ 3 , and 723 = iV 2 . 

In Case (b), we have \i = 2(n 2 — m)(«2 — ^3) = o((Ns) 2 ~ 4a+ ), which implies that 
|n|, \ni\, I n.2 1 ^ -A3 for some g > since 722 7^ 77,1,723. The rest of the argument follows as 
above by replacing 722 and 77.3. 

• Case (c): (Case (d) can be treated in a similar way by replacing 222 and 723.) 

Let b 2 (n 2 ) = \n 2 \ s a 2 (n 2 ) ■ Then, we have ^2\ n2 \^ N2 \b 2 (n 2 )\ 2 < 1. By Lemma [373] and 
Cauchy-Schwarz inequality on 723 in the inner sum, 

^<s e ^Nr a+e+ N 2 - s N^{ e Ei^mi 2 ) 1 

|n|<Af! B n 

outside an exceptional set of measure < e~~^ . For fixed 722, it follows from (the proof of) 
Lemma 13. II that there are at most N® + terms in the sum. Hence, we have 

(|2722D < 5°-%N°- a+£+ N 2 s N 3 s < 5°' N°- N°- N°- 

for a > s > 0. 

• Case (e): (Case (f) is basically the same.) 

In this case, we have \p\ = \2(n 2 — ni)(n 2 — 723)! ^ A^| _4ct+ . Fix n. Then, from (|3.2p . 
there are at most dip) = 0{N% + ) many choices for 722 and 723. Then, by Lemma 13. 3| 
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Cauchy-Schwarz inequality, and (|4.28p . we have 




<^aC +|£ X q ( E 5^i«i(-i)i 2 )" 

\n\<N$ A n 
< 5 e -^N 2 a+2£+ N 3 a < 5 e 'N°-N°- 

for a > outside an exceptional set of measure < e - ^ (with some q > as in Case (a).) 
In the above computation, we used 

E Em^i'^Em^i 2 ^ 

|n|<JV| A n m 

by first summing over n<i (for fixed n\) and then over n\. 

• Case (g): (Cases (h), (i), (j) are basically the same.) 

Fix n. Then, from (|3.2p . there are at most d(n) = O(iV 1 0+ ) many choices for ri2 and 
71,3. Thus, we have Y1a„ 1 ~ Nf. Then, by Lemma 13.31 and Cauchy-Schwarz inequality as 
before, we have 

^M<5^Nt-^N^\ £ EMna)! 2 ) 1 

N<JVi A n 

< d^PN^+^N^+^N-* < 5 9 ' {[ N°~ 

3=1 

for a > s > outside an exceptional set of measure < e" ^ . 
This completes the proof of Theorem [TJ 

5. Global Theory 
In this section, we prove almost sure global well-posedness of fll . 10f> . 

5.1. Reduction of Theorem [2] to Proposition 15.21 In this subsection, we first prove 
Theorem [2j assuming the following proposition. Heuristically speaking, this says "al- 
most" almost sure global well-posedness (Proposition 15. 1| ) implies almost sure global well- 
posedness (Theorem [2j) 

Proposition 5.1. Let a G (ts, A]. Given T > and e > 0, there exists Oy i£ G J 7 i/ie 
following properties: 

(i) P(n§, ) = p« ° ^o(^t,J < e > w/iere n o : n -»• i? a_ ^(T). 

(ii) For eac/i a; G i/iere exists a unique solution u of (jl.lOp in 

e-^*n + C([-T,r];L 2 (T)) C C([— T, T] ; H a ~^~ (T)) 
TOi/i t/ie initial condition Mq given by (jl.lip . 
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Proof of Theorem® For fixed e > 0, let Tj = 2 3 and e,- = 2~%. Apply Proposition 15,11 
and construct ftT j; ej- Then, let f2 e = OJLi^T^ej- Note that (ll.lOp is globally well-posed 
on fl E with P(Og) < e. Now, let ft = U e >o^V Then, (jl.lOp is globally well-posed on h and 
F(tt c ) = 0. □ 

Now, we present the proof of Proposition 15.11 

Proof of Proposition \5.1i First, recall the following argument which relates the time of local 
existence 5 and the size of the initial condition. Consider (ll.lOp . From the deterministic 
local theory (especially (|4.ip . Bourgain's L 4 -Strichartz estimate (|4.9p , and Lemma [372]) . we 
have 

(5-1) INI^i- 4 " W u o\\L 2 + CiS-^\\M(u)\\ z0t _ ls 

<\\u \\ L2 + C 2 5^-^\\ U f z0hs 

for some small £\,£2 > 0, where the "loss" e\ comes from (|4.ip and £2 comes from Lemma 
13.21 In proving local well-posedness via the fixed point argument, we require 

(5-2) ^" £2-ei Nl^;$i 

on the ball {u : IMI^o.i^ < 2||uo||^2}. Hence, we can choose 5 ~ ||wo|| i 2 4+6 '' ) with 9 = 0+. 

Let T > and e > be given, and we continue the argument from Subsection [T74J First, 
in view of (HUD, choose K ~ (log^) 2 so that F(\\u (uj)\\ H s > K) < \e. In the following, 
we assume ||«o||if < K. Now, fix 5 ~ N^ +9 >K-( 4+ ^ with 9 = 0+. For fixed a < ± 
s = a — r\ — <0 is also fixed. Hence, we can write 

(5.3) d-N^-R-*-, 

Before proceeding further, we present an important proposition whose proof is given in 
the remaining part of the paper. 

Proposition 5.2. Let s = a — t\ — with a S (^, 5]. Given T > and isT > 0, f/jere exists 
N sufficiently large with 5 ~ N 4s ~ K~ 4 ~ such that the following holds. Suppose that 

z 2 [{3-1)8,30] 

such that 5^~\\uUt)\\ 2 , < 1 /see (15.21) ) for j = 1, - ■ ■ , [?]. Wriie f/ie solution v 3 

0/ i/ie following difference equation: 

'id t v j - d 2 x v 3 ± (JV(u 3 ' + v») - N{u 3 )) = 



(5.5) 



7 1 / g„(a))e i W- 1 ) an 



2 



as v 3 (t) = S(t — (j — l)5)ipj-i + w 3 (t) . Then, (|5.5p is locally well-posed on the time interval 

.4- nm rt y-i n;ii ,>"^ r~\ SC f^nn r->rt nV\ A 1 I 



[(j — 1)5, j<5] except on a set of measure e s c for each j = 1, • • • , [?]. Moreover, we have 



the following bound on the nonlinear terms: 

[T/5] 

(5.6) ^|K(i<5)|| i2 <iV- s K 

i=i 

Remark 5.3. In Proposition 15.21 we do not assume that u 3 is deterministic. In our 
application, u 3 is indeed random - not even independent from ip 3-1 and v 3 . 
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Now, we continue the proof of Proposition 15,11 Our choice of 5 guarantees that (|1.15p is 
well-posed on [0,5] with the bound (11. 16ft . Then, by Proposition 15.21 (11. 17ft is well-posed 
on [0,5] except on a set of measure with the bound (|1.20p . which in turn shows that 
flLTSD is well-posed on [5,25] with the bound (fTTT9l) . 

Write the solution v 2 of (OT]) as v 2 {t) = S{t - S)ipx + w 2 (t). It follows from (fLl"9l) 
and Proposition 15.21 that (|1.2ip is well-posed on the time interval [5, 25] except on a set of 
measure e~s u . Moreover, we have 

2 

(5-7) ^\\wi(j6)\\vZN-'K- 

3=1 

At time t = 25, write u{25) = 4>2 + 4>2, where 02 := u 2 (25) + w 2 (25) and V>2 := S(8)ipi = 
5(25)^0 ■ Then, (|5.7p guarantees that the solution u 3 to 



id t v? - d 2 x ii? ± J\f( 



U J \t=(j~l)8 = 4>3-l 



(5.8) 

with j = 3 satisfies 

2 

(5-9) H^llz^^] ^ ^ L ' 2 + E Wv'WWi? % N~ S K. 

3=1 

Clearly, we can iterate this argument to show that (jl.lOp is well-posed on [0, T], assuming 
(|5.6p . Lastly, note that the measure of the exceptional sets can be estimated by 



e <5 C < e ln $ « c < e 2 s c < — g 



1 



2 

for sufficiently small 5 > 0, i.e. for sufficiently large N = N(T, e). This completes the proof 
of Proposition 15.11 □ 

5.2. Basic Setup. In the remaining part of the paper, we prove Proposition 15.21 In the 
following, fix T > and K > 0, and let s = a — \— and (|5.3p : 

5~N 4s -K~ A -, 

where N = N(T, K) to be determined later. 

First, consider the following difference equation: 

f id t v - d 2 x v ± {M{u° + v)- M{u )) = 
|"|i=o-^-L H >w^e 

where |c n | = 1 for all n G Z and u° is a given function such that 
(5.H) ||u°(i)|| z0 ,i, 4 <CW-^ 

satisfying ()5.2|) . Let w denote the nonlinear part of the solution v of ()5.10p . i.e. it is given 
by 

(5.12) w(t) := w(t; v, ^j,u°) = ±i [ S(t - t') (Af(u° + v) - Af(u )) (t')dt' 

Jo 

for t € [0,5]. From the linear estimate (|4.1|) . we have 

(5.13) \\w(S)\\l? Z \\Vs(t)w\\ z0 , h s < 5°-\\M(u° + v) -M(u°)\\ z0> _i, s , 
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Suppose that we have 

(5.14) mu o + v) _ M{u o )llzQ _ is < N 3s-^ 

for some small 7 > except on a set of measure e - *^. Then, it follows that the mapping 
T defined by 

(5.15) Tv(t) := S(t)ip + w(t;v,ip,u°) 

is a contraction on S(t)i}) u + B on the time interval [0, 5] except on a set of measure e~*% 
where B denotes the ball of radius ~ jV 3s_7 in Z°'2' 5 . Moreover, from (|5.3p . (|5.13p . and 
(|5.14j) . we have 

(5.16) %\\w(5)\\ L2 < TS^N 33 -"/ < TK 4+ N- s N-"'+ < N- S K 


for sufficiently large N = N(T, K). Note that f)5. 13j) and (|5.14p imply only the boundedness 
of the map V from 5(t)-0 w + B into itself. In establishing the contraction property, one 
needs to consider the difference Tv\ — Tv2 for t>i,t>2 6 Sfyip'*' + B. We omit details. 

Finally, note that the bound (|5.4[) on u? is uniform in j in Proposition 15.21 Hence, the 
above local well-posedness result can be applied to (|5.5p on [(j — 1)5, j5] for j = 1, • • • , [^], 
and moreover (|5,6p follows from (|5.16p . Therefore, it remains to prove ()5.14j) for a G (^, ^] 
(and for large N.) 

Then, ()5.14p follows, once we prove 
(5-17) 11^(^^2^3)11^,-^, < ^ 3s ^, j = 1,2, 

except on a set of measure e~ & , where Mj is as in ()4.4p or (j4.5|) , and Uj is either of type 
(I) linear part: random, less regular 

Uj(x,t) = S(t)1> = y ^tM e ^ nx+n ^ with \c n \ = 1, or 

\n\>N V 1 + 

(II) smoother: 



(II. a) "high frequency" nonlinear part: small 

(5.18) uj = w with |Ml z o,i,, < ^ 3S " 7 , 
(Il.b) "low frequency" input: large 

(5.19) u° with ||u°|| z0 ^ < N- S K satisfying Q) : *^" ea ll«°ll|o,J, 4 ^ 



except for the case ttj = it for all j = 1, 2, 3. We may insert the smooth cutoff function r) s 
supported on [—25, 25] if necessary. 

Note that it has a larger norm than w since s < 0. Thus, we assume that it,- = u° if Uj 
is of type (II), unless Uj is of type (II) for all j = 1, 2, 3. In the latter case, we may assume 
that two of Uj's are u° and the remaining Uj is w, and it suffices to prove 

(5.20) m(u ,u ,w)\\ z0 ^ hs <N^-, j = 1,2, 

assuming (|5.2p . In the following subsections, we prove (|5.17p by separately estimating the 
contributions from A/i and A/2. 
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5.3. Estimate on J\f 2 . In this subsection, we prove the estimate (|5.17p for N 2 (u\, u 2 , u 3 ) 
defined in (I4.5p . By Cauchy-Schwarz inequality, we have 

1 



||<A/ij(t*l,U2,U3)||_o 



< 



(r — n 2 ) 



2\*- 



ui(n, ri)n 2 (n, T 2 )M 3 (n, T 3 )dndT 2 



T=T\— T2+T3 



By Holder inequality with p large 
(5.21) < 



'I - 1 I 1 ' 

- 2 2+ 



sup |Kr - n ; 2 || L 2+ 



ui(n, Ti)u 2 {n, T 2 )u 3 (n, T 3 )dndT 2 



T=Tl— T2+T3 

In the following, we omit details if the computation is basically the same as in Subsection 
14.31 Recall 5 ~ N 4s ~ K~ 4 ~ from (|5.3p . We assume that N is sufficiently large in the 
following. 

• Case (a): uj of type (II), j = 1, . . . , 3. 

In this case, we prove (|5.2U|) . By Young and Holder inequalities in r, followed by Holder 
in n, Z 2 C 1^, and Lemma I3T2"| we have 



w 



< II \\(r - n 2 )l+%(n,r)|ba L? < S^W^f^ 
3=1 

for s < 0. 

• Case (b): Uj of type (I), j = 1, . . . , 3. 

By Lemma 13.31 and Young's inequality, we have 

§m < ^-ii(n)- 3a bnHi 3 iL ? , „ < s^-unr^y 



n|>JV 



n|>JV 



for a > ^7 > outside an exceptional set of measure < e~^. 

• Case (c): Exactly two Uj's of type (I). Say tii(I), u 2 (l), and ^(II). 
By Young's inequality and Lemmata 13.21 and 13 .3|. we have 

&m%8*-{ sup (n)- 2a \g n \ 2 )p(n,r)\\ l2L2 <5 l ^~N- 2M \\u Q \\ ^ 

\n\>N 71 t Z j 

< jy3s-2Q+^-3- < N 3s-y- 

for a > ^7 > outside an exceptional set of measure < eT^ . 

• Case (d): Exactly one uj of type (I). Say ui(l), u 2 (JL), and 1*3(11) 
By Young's inequality, followed by Holder inequality in n = \ + \ 

and Lemmata 13^21 and I3JJI we have 



1 - i + and in r (f = | + 



<<J^-( sup (n)- Q | 5n |) 
|n|>JV 



u u n,r 4 



r 2 



1 P 

< £2 2 Ar- a+e 



< <5 1_ 2 iV -aH 



sup (t — n 



n 2 ) 4+n°(n, r) 



(t — n 



)^Mn,r)\\ 2 4L2 < N 2s -"+K- 2 - < N 3s ^- 



for a > 4 + ^7 > 4 outside an exceptional set of measure < e <s c . 
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5.4. Estimate on J\T\: High Modulation Cases. In the next two subsections, we prove 
the main part of the estimate (I5.17P : 

(5-22) \Wi(ui,u 2 ,u 3 )\\ zlh _ hs <N 3s ^- 

for some small 7 > 0, where A/i is as in (|4.4p and Uj is of type (I) or (II). Once again, we 
omit details in the following when the computation basically follows from Subsection 14.41 



By Cauchy-Schwarz inequality, we have ||u>i|| _i T < \\vji\\ - 1 + t- Then, using dual- 
ity, we can estimate (|5.22|) by 

(5.23) / uVu 3 -vdxdt 



where \\v\\ i_ T < 1 (with the complex conjugate on an appropriate u 3 .) We assume that 
N is sufficiently large in the following. 

• Case (A): u 1 and u 2 are of type (II). 

Suppose that u 3 is of type (II). In this case, we prove (|5.20p instead of (|5.22p . By Holder 
inequality, (gJl, Lemma E21 (|5TT8|) . and ([57T9]) (also see (JO])), we have 



§M< hihi Jlttallx* JKIL* Ml* t £8? £2 \\ u °\\i i 



\w\ 



-1 



o,4, a 



< n 3s ~"<~. 



If u 3 is of type (I) i.e. u 3 = S(t)ip, then apply dyadic decompositions on N 2 and iV 3 . 
Then, by Holder inequality with p large, (|4.10p . and Lemmata 13.41 and 13.21 we have 

mM < \w 1 \\l^\\u 2 \\ l3+ \w 3 \\ lp \\v\\ l s + < (N 3 )i-- a+ \\ u °\\ 2 x0k+ jv\\ x0t i +tS 

outside an exceptional set of measure < e~s?. If (tj — n 2 )i~ > (N 3 ) 2~ a +_/V~ 3s+7+e for uj 

of type (H), or if (r - n 2 )^ > (N 3 )^- a+ N- 3s+ ^ +£ , then it follows from LemmaH (OD . 
and (j5T9j) that 

(I533|) < 5^-N~ 2s K 2 N 3s -"<~ e < N 3s -^ 

for N sufficiently large. Recall N 3 > N, s = a — \ — , and 7 = 0+. Hence, in the following, 
we may assume 

(5.24) (r - n 2 ) < ( N *f-^+^ and ( Tj _ n ^ ^ ^8-180+ if ^ of type ^ 

• Case (B): u 1 of type (II), and u 2 of type (I). 

Dyadically decompose the spatial frequencies for iV 2 and N 3 . 

Subcase (B.l): u 3 is of type (II). By Holder inequality with p large, (|4.10p . and Lemma 



o 



13.41 we have 

< 11^11^+11^11^11^11^+^11^+ < (^ 2 )^- Q+ ||n ||^ o l+ J|t;|| x0il+i , 

outside an exceptional set of size < e~^. If (73 — n 2 )^~ > (jV 2 )l _Q+ AT- 3s +7+ for Uj of 

type (E), or if (r - n 2 )i" > (N 2 )^- a+ N- 3s+ ~< + , then <^22\i follows as in Case (A). Hence, 
in the following, we may assume 

(5.25) (r - n 2 ) <C (N 2 f- 16a+ , and (73 - n 2 ) <C (jV 2 ) 8 - 16a+ if Uj . Q f type (n). 
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o Subcase (B.2): u 3 is of type (I). Again, by Holder inequality with p large, (|4,10p . and 
Lemma 13.41 we have 

d5HSD < ||u 1 || L 2+||u 2 || LP ||u 3 || LP |H| L 2+ < (N 2 ) 1 - 2a+ \\u \\ x0 ,o + ,5\\v\\ x0 , +, 6 . 

outside an exceptional set of measure < e~^. If (cr 1 )^ > (AT 2 ) 1_2Q+ A r_2s+7+ or if (r — 
n 2 )^ > (Ar2)i-2«+ A r- 2s +7+ ) t h en ([532]) follows from LemmalU O, and (l5J9|) . Hence, 
in the following, we can assume 

(5.26) (r - n 2 ) < (iV 2 ) 4-8 ^, and ^ _ ^ ^ ( N ^4-8*+ if ^ of type ^ 

• Case (C): u 1 of type (I), and u 2 , u 3 of type (II). 

Dyadically decompose all the spatial frequencies. Suppose (r — n 2 ) 3> a 2 , a 3 . By Holder 
inequality with p large, Lemmata 13.41 and 13. 2[ and (|5.19p . we have 

§M < ll«Vll« 2 MI« 3 |MMU3+ < (iV^^^+Hn !! 2 3 J|v||xo,o+,i 
< 53-(iV 1 )5- Q +Ar- 2s ^ 2 || v || x o,o + 

outside an exceptional set of measure < e~^. Hence, as before, (|5.22p follows as long 
as (r - n 2 )^- > (jV 1 )*-** jV- 4s +7+ . Similar results hold if a 2 > a 3 , (r - n 2 ) or a 3 > 
a 2 , (t — n 2 ). Hence, we assume 

(5.27) (r - n 2 ) < (iV 1 ) 5 - 10 ^, and ( Tj - n 2 ) < (iV 1 ) 5 - 10 ^ if Uj of type (II). 

• Case (D): u 1 of type (I), and either ii 2 (I), u 3 (II) or u 2 (JV), u 3 (I). 

Suppose that u 2 is of type (I) and that u 3 is of type (II). Moreover, suppose (r— n 2 ) S> a 3 . 
By Holder inequality with p large, Lemmata 13.41 and 13. 2\ and (j5. 19[) . we have 

(1533]) < II^IIlpII^IMI^IIl^+IMIls < (^Y~ 2a+ ll™°IU°>°+IMIx°>° 
^S^iN^-^+N-'KWvWxo.o 

outside an exceptional set of measure < e~*^. Hence, (15.22P follows as long as (r — n 2 )?~ > 
(A^ 1 ) 1_2q+ i\r-2s+7+ _ Similar results hold if a 3 > (t - n 2 ), (or u 2 is of type (II) and u 3 is of 
type (I).) Hence, we assume 

(5.28) (r - n 2 ) < {N l f~ %a+ , and (tj - n 2 ) < (iV 1 ) 4 " 8 ^ if Uj of type (II). 

Summary: By repeating the computation in Subsection 14.41 we can reduce the estimate 
into the following two cases (with = 0+):. 

• u 1 is of type (II): By (jlTTBD and (EOT)) , we can bound (^221) as follows: 

(5.29) 4521 <6 e M(N,N 2 ,N 3 )(^\ Yl oi(ni)^^)o 3 (n 3 ) 

^ n n=rai— n2+n3 
«27^ni,n3 
n 2 =n 2 — n 2 , +n| +/i 

where £ n |aV)| 2 < 1, a 2 (n) = ^gl a 3 (n) = ^ or £ |nhJV3 |a 3 (n)| 2 < 1, and 
Case (A): M(N, N 2 , N 3 ) = (N 3 ) 0+ N- 2s and < (Ar3)8-i6a+ 

Subcase (B.l): M(N,N 2 ,N 3 ) = (N 2 ) 0+ N~ 2s and < (Ar2)8-i6a+ 
Subcase (B.2): M(N,N 2 ,N 3 ) = (N ) 0+ N~ s and j/ij < (jV 2 ) 4 ~ 8 «+. 
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Note that we did not apply dyadic decomposition on A 1 . 

• u 1 is of type (I): By (j4TT6D and (jiTTTD . we can bound (^221) as follows: 

(5.30) d£22} < S e (N 1 ) 0+ M(N) ( | E «iK)^M«3(n 3 )| 2 ) 2 , 

M^N 1 n=n 1 -n 2 +n 3 ' 
n 2 ^=n 1 ,n 3 
n 2 : =n 2 —n?,+n 2 + fi 

where a^n) = a?{n) = or Y,\ n \„ N i W (n)? < 1 for j = 2,3, and 

Case (C): M(N) = N~ 2s and |/z| < (jV 1 ) 5 - 10 ^ 

Case (D): Af(JV) = N~ s and |//| -C (V 1 ) 4 " 8 ^ 

All type (I): M(N) = 1 and j/xj < (A 1 ) 2 . 

Note that all the spatial frequencies are dyadically decomposed. 

By symmetry between u x and u 3 , we assume \n x \ ~ A 1 or 1 77-2 1 ~ A 1 in the following. 
Moreover, in Subcase (B.2) and Case (D), we may assume that |ni| ~ A 1 . If not, say, we 
have |n 2 | > 10(|m| + |n 3 |). Then, ~ |(n 2 - ni)(n 2 - n 3 )| ~ |n 2 | 2 ~ (A 1 ) 2 by ([310). In 
these two cases, we have <C (j\n) 4 ~ 8a + <c (A 1 ) 2 as long as a > \. i.e. we would have a 
contradiction. 

Lastly, we list all the different cases as before. We consider these cases in details in the 
next subsection. 

• m = A 1 : 

Case (a): n x = A 1 (II), n 2 = iV 2 (I), n 3 = iV 3 (H) or n 2 = iV 3 (I), n 3 = A 2 (E) 

Case (b): n x = A 1 (II), n 2 = N 3 (II), n 3 = iV 2 (I) or n 2 = iV 2 (H), n 3 = A 3 (I) 

Case (c): n x = N x \l), n 2 = N 2 (1J), n 3 = iV 3 (H) 

Case (d): n x = N x \l), n 2 = A 3 (E), n 3 = A 2 (H) 

Case (e): n x = A 1 (II), n 2 = A 2 (I), n 3 = iV 3 (I) 

Case (f): n x = A 1 (II), n 2 = A 3 (I), n 3 = iV 2 (I) 

Case (g): n x = A^I), n 2 = A 2 (I), n 3 = A 3 (H) 

Case (h): n x = N l {l), n 2 = A 3 (I), n 3 = A 2 (H) 

Case (i): n x = A^I), n 2 = A 2 (H), n 3 = iV 3 (I) 

Case (j): n x = N\l), n 2 = A 3 (H), n 3 = A 2 (I) 

Case (k): All type (I) 



• n 2 = A 1 : 

Case (a'): n 2 = A 1 (II), m = A 2 (I), n 3 = A 3 (H) or n x = A 3 (I), n 3 = 7V 2 (E) 
Case (b'): n 2 = A 1 (II), n x = A 3 (H), n 3 = A 2 (I) or m = A 2 (E), n 3 = 7V 3 (I) 
Case (c'): n 2 = A^I), n x = A 2 (H), n 3 = A 3 (E) 
Case (d'): n 2 = A X (I), m = A 3 (H), n 3 = A 2 (H) 
Case (k'j: All type (I) 

5.5. Estimate on JVj: Low Modulation Cases. As before, we use \n\ a for 1 + \n\ a and 
drop a complex conjugate on u 2 when it plays no significant role. Let A n and B n be as in 
Subsection 14.41 Recall 

fi = 2(n 2 - ni)(n 2 - n 3 ) = 2(n - n x )(n - n 3 ) 
from (|4.23p . s = a - and Aj > A if Uj is of type (I). 
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• Cases (k), (k'): 111,112,113 of type (I). In this case, we have 



1 

2\ 2 



N^'tr |ni1 N |n31 ' 

Note that we have N\, N2, N3 > N. First, we consider the contribution from n\ 7^ n%. As 
in Subsection 14, 4| by (|4.25|) and Lemma [331 we have 



RHSof(|5^<^(A^ £ +( E E i iSi 155] .2a ) 



3 

< ,5 e "l /3 (iV 1 )~ Q+ l £ +(iV 2 )- cl (Ar 3 )- Q +5 < at- 3 «+I+ < iv 3s -7- jyO- 

3=1 

for a > A + g7 > | and sufficiently large ./V outside an exceptional set of measure < 

(JV 1 ) -^ - ^ as in K26h . 

The contribution from n\ = 77,3 follows as in (|4.27p . By Lemmata 13. II and 13.31 we have 

3 

RHS of ([OT]) < SP-iPiN^-f+N^^Nz^N 3 )* < N 3s ^- ]J N°~ 

3=1 

for a > | + g7 > | and sufficiently large N outside an exceptional set of measure < e~~^ . 

• Case (a) : (Cases (b), (a'), and (b') can be treated in a similar way by replacing 722 with 
n.3, ri2 with m, and (721,722,723) with (77-2,^3,77,1), respectively.) 

In this case, we have /i = 2(77,2 — n i)( n 2 — 77,3) = o((A r 2) 8_16Q+ ). Thus, by Lemma |3.3[ 
Cauchy-Schwarz inequality, and (I4.28P as before, we have 



«<5 e -V 2 )-^^ 

V n A n > 

<^-!iV-^iV^(^^|ai(ni)| 2 |a3(n3 



1 

|2\ 2 



for a > ^ + ^7 > ^ and sufficiently large A outside an exceptional set of measure < e~~^ . 

• Case (c): (Case (d) can be treated in a similar way by replacing 722 and 723.) 
By Lemma 13.31 and Holder inequality on 723 in the inner sum, 

ra<^Af^+A- 2 *( £ ^|a 2 (72 2 )| 2 ) 1 

\n\<m B n 

outside an exceptional set of measure < e - ^. For fixed 722, it follows from (the proof of) 
Lemma 13. II that there are at most N® + terms in the sum. Hence, we have 

3 

(OU|) < 5 9 -2 N- a+£+ N~ 2s < N 3s -~<- Yl Nf~ 



3 

3=1 



for a > + g7 > yrj and sufficiently large N. 
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• Case (e) : (Case (f) is basically the same.) 

In this case, we have \n\ = \2(n2 — n\)(n2 — 7x3) | <C N 2 ~ 8a+ ■ This implies that 
\n\, \ni\, I TX3 1 < N 2 for some q > since ri2 7^ n\,n^. Then, by Lemma \2>.2>\ Cauchy-Schwarz 
inequality, and (|4.28p as before, we have 



\n\<N$ A n 

< 5 9 -^N 2 a+2£+ N z a N- s < N 3s ~~>-N$-N%- 

for a > I + ^7 > h and sufficiently large N outside an exceptional set of measure < e~ Tc 

• Case (g) : (Cases (h), (i), (j) are basically the same.) 

By Lemma 13.31 and Cauchy-Schwarz inequality as before, we have 



^M<^N^N 2 a+ ^ £ N~ s [ £ 2> 3 (n 3 )| 2 ) 5 

\n\<Ni A n 

3 

for a > ^ + g7 > I and sufficiently large N outside an exceptional set of measure < e~~^ . 

Remark 5.4. It is worthwhile to note that the worst case occurs: 

• for all type (I) in the local theory. 

• for one (I) and two (II. b) in the global theory. 
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